
AIAA JOURNAL, VOL. 41, NO. 7: TECHNICAL NOTES 1391

Fig. 1 Flow response to proportional feedback, Kp = 3.0.

Conclusions
A simple approachto controlthe von Kármán vortexstreet behind

a two-dimensionalcircular cylinderbased on the proportional feed-
back of the estimate of just the � rst POD mode has been developed.
A stabilityanalysisof this control law was conductedafter lineariza-
tion about the desired equilibrium point (origin) and conditions for
controllabilityand asymptotic stabilitywere developed.The control
approach, applied to the four-mode cylinder wake POD model at a
Reynolds number of 100 stabilizes the wake for a proportionalgain
above1.6. Whereas the controlleruses only the estimatedamplitude
of the � rst mode, all four modes are stabilized. This suggests that
the higher-ordermodes are caused by a secondary instability.Thus,
they are suppressed once the primary instability is controlled. The
control approach will be further examined to observe its sensitivity
to time delays, actuator limitations,modeling and estimationerrors,
and sensor noise.
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Introduction

T HIS Note describes a process by which a low-speed, lam-
inar � ame and the laminar boundary layer created by this

� ame interact dynamically to increase the � ame propagation ve-
locity exponentially.1;2 The condition for this � ame acceleration is
that the � ame propagates in a narrow enough channel with heated
walls. This phenomenon has potential applications to micropropul-
sion, and it may describeaspectsof explosion initiationin � ssures in
condensed-phaseenergeticmaterialsandde� agration-to-detonation
transition.

The key element is the presence of the boundary layer that devel-
opsalongthe walls aheadof the � ame. This boundarylayerdevelops
as the � ame propagates, and it is due to � uid motion in unburned
material that is induced by expansion of the heated material at the
� ame front. The � uid motion that develops in the unreacted mate-
rial ahead of the � ame is caused by the expansion of the gas as it
burns and acts like a piston. If the � ame is accelerating,it generates
pressure waves; if it is decelerating, it generates expansion waves.
(There may also be a relatively smaller boundary layer behind a
weak shock that could arise as a spark lights the � ame, but this is
much smaller than the boundary layer developingas the � ame itself
propagates and generates � uid motion ahead of it.)

Figure 1 shows the basic geometry: a � ame propagatingfrom the
closedend toward the openend of a channel.There is a considerable
body of work in the combustion literature on � ow instabilities and
how they affect the evolution of � ames in tubes. There is the rel-
atively early work on this geometrical con� guration, for example,
Refs. 3–5, in which � ameswere ignitedby sparksandpropagatedfor
a time as laminar � ames before becoming turbulent. In some cases,
the � ames oscillated and even reversed direction for a time before
resuming movement toward the open end of the channel. There are
recentmeasurementsreportedon � ame propagationin narrowchan-
nels (less than 1 cm height) in which the � ame acceleratedand there
was a transition to detonation (G. O. Thomas, private communi-
cation). In other recent experimental studies6;7 with con� gurations
related to Fig. 1, the width, length, and mixture composition of the
gaseswerevariedand the observedoscillationfrequencywas related
to the acoustic properties of the channel. Related theoretical and
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Table 1 Material, chemical, and � ame properties

Property Value De� nition

Input
T0 293 K Initial temperature
P0 1:33 £ 104 J/m3 Initial pressure
½0 1:58 £ 10¡1 kg/m3 Initial density
Y0 1 Initial composition
° 1.25 Adiabatic index
M 29 Molecular weight
A 1 £ 109 m3/kg/s Pre-exponential factor
Q 29:3 R T0 Activation energy
q 35:0 R T0=M Chemical energy release
º0; ·0; D0 1:3 £ 10¡6 Transport constants

Output
Tb 2340 K Flame temperature
½b 1:98 £ 10¡2 kg/m3 Flame density
Sl ’ 1:31 m/s Laminar � ame speed
xl ’ 0:023 cm Laminar � ame thickness

Fig. 1 Schematic diagram of computational setup and initial
conditions.

numerical studies for a similar geometry include one-dimensional
studiesof the effectsof acousticwaves in the channel,and how these
waves are related to � ame oscillations.7 Theoretical and numerical
studies8;9 have been performed of a Poiseuille � ow with a � ame in
a tube. These did not solve the full Navier–Stokes equations (they
assumed constant density, for example) but looked at the effects
of � ame propagation with both adiabatic and nonadiabatic walls
and, later, with the effects of heat losss to the walls. In other recent
work,10;11 the evolutionof a � ame in � ow that produces a shock and
boundary layers ahead of the � ame has been studied. Most of this
work, however, applies to somewhat different physical conditions
from those studiedhere, often consideringrelatively large channels,
constantdensitycombustion,or emphasison eventsoccurringmuch
later in the evolution of the � ow than those considered here.

Physical Model and Numerical Method
Consider a two-dimensional channel � lled with premixed acety-

lene and air, shown schematically in Fig. 1. The propagation of the
� ame down this channel is given by the solution of the reactive
compressible Navier–Stokes equations; see Ref. 1 or 2 for details
of equations and solution approach. These equations include mod-
els for chemical reactionsand subsequentenergy release,molecular
diffusion, thermal conduction, and viscosity. Let the � ame be ini-
tiated by a planar discontinuity in temperature and density located
at 0.3 cm from the closed end of the channel (Fig. 1). The burned
material to the left of the discontinuityis at the adiabaticallyburned
conditionsgiven in Table 1. The material to the right is unburned.A
symmetry condition is used at the top of the computationaldomain,
and gravitational terms are neglected on the assumption that they
should not be a major effect in such narrow channels.

For simplicity, the chemical reactions are modeled by a single-
step, reduced model for combustionof a low-pressure,stoichiomet-
ric, acetylene–air mixture at 1.33 £ 104 Pa (0.132 atm) and 293 K
(Refs. 12–14). The chemical reactions are described by � rst-order
Arrhenius kinetics expressed as dY=dt D ¡A½Y exp.¡Q=RT /,
where Y is the mass fraction of the reactant, A is the preexpo-
nential factor, and Q is the activation energy. The reaction rate
is proportional to ½ to account for the binary nature of chemical
reactions taking place in real combustion systems. The energy re-
lease per unit volume is dE=dt D ¡q½dY=dt, where q is the total

chemicalenergyreleasedpergram. We assume that there is a similar
temperature dependence for the kinematic viscosity, diffusion, and
heatconduction,º D º0T n=½, D D D0T n=½, and K=½C p D ·0T n=½,
where the º0 D D0 D ·0 are constants and C p D ° R=M .° ¡ 1/
is the speci� c heat at constant pressure. The nondimensional
Lewis, Prandtl, and Schmidt numbers, Le D K=½C p D D ·0=D0,
Pr D ½C pº=K D º0=·0, and Sc D º=D D º0=D0 , are unity and in-
dependent of thermodynamic conditions.

The properties of the chemical and thermophysical input data
were determined to produce a model that gives the physically cor-
rect � ame (and detonation) properties of this mixture over a range
of temperaturesand pressures.Values of input quantitiesused in the
computation are given in Table 1. Note that the computation uses
a model for the chemical and diffusive transport reactions. When
the input values for this model are considered individually, they
do not seem to be very accurate. What is important, however, is
that the individual parameters are physically reasonable values and
that the combinationof parameters,when used in the test numerical
simualtions, reproduce the acceptedvalues of the � ame and detona-
tion properties.These “acceptedvalues”havebeendeterminedfrom
experiments and computations using better chemical and transport
models, and these are given in Table 1.

The computationalmodel used a high-order � ux-correctedtrans-
port algorithm15 to solve the compressible � uid-dynamics equa-
tions. Viscous, conduction, and mass diffusion terms were added
as source terms. The equations and the solution procedure are de-
scribed in detail elsewhere, for example, Refs. 16 and 17. Ott1 and
Ott et al.2 provide detailed information on extensive tests of the
procedure. The chemical reaction terms were computed separately
and incorporatedby time-step splitting.15 Because the � uid dynam-
ics is computed with a high-order numerical method, the boundary
conditions are computed by a characteristic method.18;19 Ott1 and
Ott et al.2 give extensive details of the derivation of the rather com-
plex boundaryconditionsfor the in� ow, out� ow, adiabatic-wall,and
isothermal-wall conditions used here. These will be describe in a
more detailed paper that is in preparation.

For some of the cases described here, the walls were adiabatic.
This means that their temperature was assumed to be that of the gas
inside the channel just above the walls. This is the limiting case of
walls adjacentto a � ame becomingquicklyheatedto the temperature
of the hot gas, but the heat not being transmittedquickly to the walls
ahead of the � ame. For simulations in another limit, cold walls at
� xed temperature, the wall at the closed end and on the x axis
from 0.0 to 0.3 cm was adiabatic and the walls for x > 0:3 cm was
isothermal.

Extensive resolution tests were done in which the computational
cell sizes were varied in the range from 1 £ 10¡5 to 4 £ 10¡5 m.
This corresponds to from 25 to 6 computational cells in a one-
dimensional, undriven � ame front. The results shown subsequently
were computed with 1x D 2:0 £ 10¡5 m and 1y D 1:0 £ 10¡5 m.

From a computational point of view, using a fully compress-
ible, explicit algorithm would seem to waste computational re-
sources. For example, to compute a relatively low-velocity prop-
agating � ame, it might be best to use an implicit algorithm that
would � lter out effects of the sound waves or an adaptive grid that
would concentrate small computational cells where there is a front
or boundary layer. Techniques for all of these have been developed
and can now be applied quite successfully. [In fact, the speci� c cal-
culationsshown here were also performedwith an entirely different
lower-orderRiemann-solver-basedmethod,usingadaptivemesh re-
� nement, to verify the phenomena observed described later (A. M.
Khokhlov, private communication).]

Because the computations shown here are a � rst result of what
might be a newly observedmechanism,andbecausethey will lead to
much more complex studies in compressible � ows involving high-
speed turbulent � ames, shocks, and detonations, a number of ap-
parently advantageous numerical short cuts were not taken. Fur-
thermore, retaining the full sound spectrum has allowed accurate
analyses of the effects of pressure and sound waves, allowing an
accurate computation of the pressure jump across the propagating
� ame and the pressure gradients ahead of the � ame.
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Fig. 2 Adiabatic wall; composite of temperatures at the � ame front at selected early times (a–f): 0.02138, 0.10798, 0.26006, 0.39012, 0.49843, and
0.60671 ms. Contours are evenly spaced values of temperature, ranging from 400 K on the right to 2400 K on the left.

Fig. 3 Adiabatic walls; selected contours at 1.277 ms: a) temperature (ranges from 400 K on the right to 2400 K on the left), b) instantaneous
streamlines superimposed on temperature, c) u (moving from left to right at the top of the � gure, ¡600 to 9400 cm/s), and d) v (from ¡500 to 850 cm/s).

Results
High-Temperature Walls and Flame Acceleration

First consider how the temperature pro� les develop from the ini-
tial conditions,as shown in Fig. 2. As an initiallyplanar� ame begins
to propagate down the channel, it induces a � ow ahead of it, and
this creates the boundary layer along the wall. Figure 2 shows the
boundarylayergrowing in time, and it continuesto grow throughthe
courseof the simulation.Note that the large distortionin aspect ratio
of the pro� les in Fig. 2 emphasizes the structure in the y direction.

More detailsof the solutionat a considerablylater time, 1.277ms,
are shown in Figs. 3. The � ame structure becomes continuously
more distorted as it moves along the wall. This distortion occurs
because the � ow velocity in the boundary layer is less than the � ow
along the centerline, so that different portions of the laminar � ame
are moving into different background� ow environments.There are
several points to note here. First, as shown in the temperature con-
tours in Fig. 3a, the � ame has broadened in the boundary layer and
become thinner in the middle of the channel. Second, as shown by
the instantaneous streamlines and temperature contours in Fig. 3b,
after the material in the boundary layer burns, it expands upward
behind the � ame front. The result is a fountain or upwelling of hot,
fully reacted material. The upward fountain,which is perpendicular
to the direction of propagation of the � ame, occurs because that is
the only direction it can expand: It cannot expand downward be-
cause of the wall, and it cannot expand very far to the left because

it is essentially bounded by a wall of burned gas. Most of this re-
acted gas expandsupward, where, by the symmetry conditionat the
centerline, it must turn, and it can only turn toward the � ame front.
This is also seen in the velocity contours in Fig. 3d.

Histories of the positionof the two-dimensional � ame at the cen-
terline, Rc , and the wall, Rw , are shown in Fig. 4a, along with the
position of a one-dimensional� ame with no boundary effects, R1D.
The curve Rc closely follows R1D until about 0.3 ms. Initially, Rw

is less than R1D, but this reverses at about 0.55 ms. These quantities
may be converted into � ame velocities in the laboratorysystem, Vc ,
shown in Fig. 4b. The one-dimensionalvelocity V1D levels off to a
constant value, but both Vc and Vw are still increasing by the time
the � ame reaches at the end of the channel.

The boundary-layer thickness ±99 is de� ned as the height above
the wall where u reaches 99% of the centerline value. Pro� les of
±99 as a function of time at a given value of x (not shown) indicate
that the unreacted boundary layer, at a given location ahead of the
� ame, grows in time. This boundary layer continues to grow until
the � ame reaches it and destroys it. The growth is at � rst rapid, then
it slows. The local growth is self-similar, as described by Stokes’s
� rst problem.

Figure 5 shows ±99 written as a function of the local time tx ,
de� ned as the time from when the initial pressure wave, travel-
ing at the local speed of sound in the unburned gas, reaches x .
Here tx D t ¡ .x ¡ 0:3/=

p
.° RTu=M/, where R is the speci� c gas
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a)

b)

Fig. 4 Adiabatic walls: a) � ame position (computed from 1000K con-
tour) as a function of time, centerline Rc, wall Rw , and one-dimensional
value R1D; and b) � ame propagation velocity SF (in the laboratory co-
ordinate system) as a function of time, centerline Vc, wall Vw , and one-
dimensional value V1D .

Fig. 5 Adiabatic walls; boundary-layer thickness ±99 as a function of
reduced local time tx comparingtheoretical curve to curves derived from
renormalizing the computed data at seven locations: 5.0, 5.5, 6.0, 6.5,
7.0, 7.5, and 8.0 cm.

constant, M is the molecularweight, and Tu is theunburnedgas tem-
perature. The 0.3 is needed because the initial high-temperaturere-
gion used to initializethe � ame was locatedup to 0.3 cm, so that this
is where the initial pressurewave is formed.The solid line is the the-
oretical results from Stokes’s � rst problem (see Refs. 1, 2, and 20),
which gives ±99 D 3:64

p
.ºutx /. In the theory, it was assumed that ºu

is held constantat the unburnedgas conditionand that u is constant.
The boundary-layer growth initially follows Stokes’s � rst prob-

lem, but it then slows due to two effectsacting together.The primary
causeof this loweredgrowthrate is that the � owvelocityaheadof the
� ame is not constant, but increases in time for all channel locations
ahead of the � ame. When the central � ow velocity accelerates, the
boundary-layergrowth is slowed compared to what it would be for
a constant velocity � ow. The secondary cause is due to the change
in viscosity º in the unburned gas. The theory assumes º is constant
at the initial conditions of the unburned gas. The pressure waves
that are generated as the � ame propagates down the channel cause
a decrease in the value of the kinematic viscosity in the unburned
gas. The pressurewave increases the temperatureand density above
the initial values. The relative increase in density is greater than the
relative increase in temperature. The greater rise in density lowers

the kinematic viscosity. Because the boundary-layergrowth is pro-
portional the square root of the kinematic viscosity, a lower value
gives a slower boundary-layergrowth.

Thus, there are then two effects that combine to increasethe � ame
propagation velocity as measured in the laboratory coordinate sys-
tem. The � rst is the effective decrease in the channel height due to
the growing boundary layer. The second is the additional momen-
tum the � ame front feels from the expansion of burned boundary-
layer material. The u contours (Fig. 3c) show lower velocities in
the boundary layer and higher velocity at the center of the chan-
nel. The v contours (Fig. 3d) show the fountain behind the � ame
front. (In this adiabatic-wall case, contours of temperature, density,
and Y essentiallyfollow each other, and therefore,only temperature
contours are shown.)

Opposite Limit: Isothermal Walls
In some ways, this � ow is more complex than the caseof adiabatic

wall. The energy loss at the walls induces a backward � ow. The
boundary-layermaterial still turns and jets upward as it burns, but
now it can turn in two directions, both upstream and downstream.
The result is that the � ame either accelerates less than it does in
the adiabatic-wall case or can even decelerate. This deceleration
generates expansion waves that create an adverse pressure gradient
in the boundary layer, which causes � ow reversal. Effects that tend
to accelerate the � ame, such as the effective channel narrowing due
to the creation of the boundary layer, are countered by the reverse
� ow behind the � ame. The net result is an oscillating motion. This
process is now discussed in more detail.

The pro� les of � ame position and propagation velocity in Fig. 6
may be compared to those in Fig. 4. Compared to the adiabatic-wall
case, the � ame takes considerablylonger to exit the channel and the
propagationvelocitynever reachessuch high values.Also, the � ame
acceleratesand deceleratesas it propagates,which is consistentwith
the “jerky” motion observed in experiments.3;5 The mean location
and velocity of the � ame are close to that of the one-dimensional
� ame.

Temperature and instantaneous � ow streamlines at selected time
are shown in Fig. 7. There is a large qualitative difference between

a)

b)

Fig. 6 Isothermal walls: a) � ame position (computed from 1000K con-
tour) as a function of time, centerline Rc, centerline from adiabatic-walls
computation RAD , and one-dimensional value R1D; and b) � ame propa-
gation velocity SF (in the laboratory coordinate system) at centerline.
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a) b)

Fig. 7 Isothermal walls: a) composite of temperature contours and b) instantaneous streamlines superimposed on temperature at selected times.
Temperature contours as described earlier.

the temperaturepro� les here and in the adiabatic-wallproblem.The
superpositionof streamlinesand temperaturepro� les show how the
boundary-layer material jets upward and turns in both directions
as it approaches the mirror process at the centerline.The wall cool-
ing requiresthat the density increaseto maintainessentiallyconstant
pressure.This inducesmotion counterto thedirectionof � ame prop-
agation. Figures 7 also show the developmentof the reverse � ow in
the boundary layer. Figure 6b shows that, at 0.22 and 1.76 ms, the
� ame is accelerating.At 1.30 and 2.50 ms, the � ame is decelerating.
The pressurepro� les (not shown) show that, for accelerating� ames,
the pressure decreases ahead of the � ame and that, for decelerating
� ames, the pressure increases.

The chemical energy release, the energy transferred from zero-
point energy pqY to sensible energy ½cv T during the chemical
reaction, may be written as 1Ec D ½q.dY=dt/. The energy-release
pro� les (not shown) indicatethatthe � ame is quenchednear thewall.
The quenchingdistanceis de� nedas the smallestplate separation(in
this case, channelheight) that will allow the � ame to propagate.This
can be calculated by equating the heat generated due to chemical
reactions qc to the heat lost at the wall qw (Refs. 21 and 22). From
this de� nition, it can be shown that the quenching distance for a
� ame traveling between parallel plates1;2 is

dq D ±t

s

2

³
kw

k

´³
Tq ¡ Tu

Tb ¡ Tu

´

where dq is the quenching distance, Tq is a quenching temperature,
and k is the thermal conduction coef� cient. Here Tq is the lowest
temperature at which the � ame can propagate.

Now, for example, by considering the results at 0.217 s, using a
value of 1000 K for the quenching temperature, and evaluating k at
the average� ame temperatureof 1319K, we � nd that the theoretical
quenching distance is 0.011 cm. Again, with the 1000 K isotherm
used as a reference, the average separation distance over the entire
calculationbetween the wall and the nearestpositionof the isotherm

to the wall is 0.005 cm. Because this value represents quenchingfor
half of the � ame, due to the symmetry conditionat the centerline,the
total quenching distance is 0.010 cm, about a 10% difference from
the theoretical value. This is not surprising because the evaluation
of dq as twice the dead space gives a lower bound on dq . It has
been shown9 that for cold, isothermalwalls, the dead space is about
6SL , where SL is the laminar � ame speed, but dq determined as the
conditionfor total extinguishementis nearly 15SL . Thus, the results
presented here are consistent with experiments.9

Summary of Other Calculations
The computations shown earlier were two of many cases com-

puted, described in Ref. 1. Some of these tested resolution and
numerical method (mentioned earlier), all to ensure that the phe-
nomena observed were physical. Other tests on the adiabatic wall
problem were of three types: parametric studies of the effects of
changing molecular diffusion or viscosity coef� cients, the effects
of varying the height of the tube, and the effects of varying the ini-
tial � ame geometry. Note that the phenomena shown are indepen-
dent of resolution and scale appropriately for the different values
of viscosity and molecular diffusion.There are, however, important
qualitativedifferences if the channel is too high, where there is less
impact of the reacted boundary-layermaterial.

Summary
The interactions of a laminar � ame propagating from the closed

to the open end of a small rectangularchannelwere studiedby solv-
ing the two-dimensional, reacting, Navier–Stokes equations with a
simpli� ed chemical model of the stoichiometric reaction of acety-
lene and air. These calculations describe a possibly useful mecha-
nism of accelerating � ames in small channels and explain certain
phenomena previously observed as � ames propagate in tubes.

More speci� cally, the results presented here contrast the � ow
structures that evolve when the boundary conditions are in the
two limits, adiabatic and isothermal. All of the simulations show
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boundary layers developing ahead of the � ame. The � ame prop-
agates into this self-induced boundary layer, the boundary-layer
material burns, and this burned material turns from the wall and is
directed into the center of the channel. The subsequent effects of
this jetting are both qualitativelyand quantitativelydifferent for the
two different boundary conditions.

In the case of adiabaticwalls, two mechanismsconspire to accel-
erate the � ame to highvelocitiesin the laboratoryframeof reference.
The � rst mechanism is that the channel is effectively narrowed by
the growth of the boundary layer. The second mechanismis the way
in which the boundary-layermaterial burns: It is jetted into the main
body of the reacted material, where it is forced to turn and act as a
piston that accelerates the � ame. The growth of the boundary layer
is found to be self-similar, which agrees with predictionof Stokes’s
� rst problem.

Note that the high speed of the � ame is measured relative the
the laboratory coordinate system. The laminar � ame speed is not
160 m/s! Rough estimates of the laminar � ame speed show that it
has not increased very much (if at all) during the process described.
The speedof the� ame in the laboratorysystemis what has increased,
as well as the out� ow velocity and the effective thrust such a system
would impart.

The � ow with isothermalwalls is more complex. The energy loss
at the walls inducesbackward � ow behind the � ame. The boundary-
layermaterial still turns and jets into the channelas it burns,but now
it can turn in two directions, both upstream and downstream. The
result is that the � ame accelerates less than it does in the adiabatic-
wall case, and at times, it even decelerates.This creates an adverse
pressure gradient in the boundary layer. Effects that tend to accel-
erate the � ame, such as the effective channel narrowing due to the
creation of the boundary layer, are countered by the reverse � ow
behind the � ame. The net result is that the � ame oscillates as it
moves down the channel. Because of the heat loss at the walls, a
quench distance can be de� ned. The computed quench distance is
consistent with a simpli� ed theoretical analysis.
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I. Introduction

T HE simulationof industrialaerodynamic� ows is mostly based
on algebraic, one- or two-equationeddy-viscositymodels. For

highly computing-time-consumptive applications, such as the ex-
amination of unsteady � ow phenomena around three-dimensional
con� gurations, the one-equation modeling framework is a viable
compromise balancing computational effort and predictive accu-
racy. The Note outlines an effort to extent the predictive realms
of the popular Spalart–Allmaras (SA) one-equationmodel1 toward
nonequilibriumconditions, by means of sensitizing the production
term to nonequilibriumeffects. The adopted modi� cations are vali-
dated for a range of engineering turbulence-modelingapplications.

II. Eddy-Viscosity Transport Model
The proposed strain-adaptive linear Spalart–Allmaras (SALSA)

model complies in most parts with the original SA model. The
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